Binaries harbouring millisecond pulsars enable a unique path to determine neutron star masses: radio pulsations reveal the motion of the neutron star, while that of the companion can be characterised through studies in the optical range. PSR J1012+5307 is a millisecond pulsar in a 14.5-h orbit with a helium-core white dwarf companion. In this work we present the analysis of an optical spectroscopic campaign, where the companion star absorption features reveal one of the lightest known white dwarfs. We determine a white dwarf radial velocity semi-amplitude of K 2 = 218.9 ± 2.2 km s −1 , which combined with that of the pulsar derived from the precise radio timing, yields a mass ratio of q = 10.44 ± 0.11. We also attempt to infer the white dwarf mass from observational constraints using new binary evolution models for extremely low-mass white dwarfs, but find that they cannot reproduce all observed parameters simultaneously. In particular, we cannot reconcile the radius predicted from binary evolution with the measurement from the photometric analysis (R WD = 0.047
INTRODUCTION
Millisecond pulsars (hereafter MSPs) are an extreme class of rapidly spinning radio pulsars. Since their discovery almost ∼ 40 years ago (Backer et al. 1982 ) more than ∼ 400 MSPs (accounting for ∼ 15% of the pulsars population) have been found so far (e.g., Manchester et al. 2005) . Their elevated spin frequencies are too high to be acquired at birth, and instead require the MSP to have spun up due to mass transfer from a companion star (Radhakrishnan & Srinivasan 1982) . As a result of their evolutionary history, MSPs are expected to harbour neutron stars (NSs) more massive than their counterparts of the slowly rotating pulsar population.
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This claim has been supported by the discovery of massive NSs among the MSP kind (see e.g., Özel & Freire 2016) . Therefore, the study of the MSP population is crucial to empirically determine the maximum allowed mass for NSs, one of the key constraints in obtaining the correct equation of state (as each of them predict different theoretical mass limits, see Lattimer 2012 for a review).
Mass measurements of NSs are traditionally only feasible in binary systems, where the timing analysis of radio pulsations allows us to trace the NS movement. Radio timing is enough to unambiguously determine the NS mass only for the handful of systems where two or more postKeplerian parameters may be measured such as Shapiro delay (e.g., Demorest et al. 2010) , precession of periastron (e.g., Freire et al. 2008 ), or others (see Lorimer & Kramer 2012) .
For the remaining NS-harbouring binaries, multiwavelength campaigns are required to obtain their dynamical solution (i.e. the NS mass), as the companion star movement is usually characterised via optical/near-infrared spectroscopy.
PSR J1012+5307 (J1012 hereafter) was originally discovered by Nicastro et al. (1995) , and identified as a MSP pulsar in a binary system. Initial studies based on optical spectroscopy (van Kerkwijk et al. 1996 , Callanan et al. 1998 ) revealed a extremely light white dwarf (WD) companion star (∼ 0.16 M ), establishing J1012 as a member of the extremely low-mass WDs class (hereafter ELM WDs, e.g., Marsh et al. 1995; Brown et al. 2013) . ELM WDs are though to be born in binary systems with a sufficiently compact orbit, where the sub-giant WD progenitor envelope is stripped before they reach the red giant phase, leaving behind a light He-core WD (e.g., Tauris & Bailes 1996 , Tauris 1996 , Istrate et al. 2014 .
In this work, we have unveiled the radial velocity of the WD in J1012 with an unprecedented precision using optical spectroscopy of the highest spectral resolution performed to date. Combined with other derived parameters for the WD, both within this work and in the literature, it allows us to derive the dynamical solution of the system, as well as to discuss its evolutionary history.
OBSERVATIONS
We observed J1012 using both the Keck I and Keck II 10-m telescopes 1 (Hawaii, USA), respectively equipped with the Low-Resolution Imaging Spectrometer (LRIS, Oke et al. 1995 ; producing 23 spectra) and the Echellette Spectrograph and Imager (ESI, Sheinis et al. 2002; yielding 16 spectra) . The observation log describing our complete spectral dataset (covering from 1995 to 2005) is detailed in Table 1 .
Out of the 23 LRIS spectra (obtained during the period 1995-1997), 22 cover the spectral range of 3700 -6000Å, using a low-resolution grism and two different slit widths (0.7" and 1", depending on the daily observing conditions). This setup results in typical spectral resolutions of ∼ 190 km s −1 and ∼ 260 km s −1 , respectively (see Tab. 1). A single spectrum of higher spectral resolution (∼ 100 km s −1 ) but covering a narrower wavelength range centred at the Hα line (5800-7200Å) was also obtained as a result of the available instrumental setup for one particular night. All these spectra are reduced using semiautomatic routines developed by our team based on iraf 2 , molly 3 and python. Each spectrum is de-biased and flat-field corrected. Arcs were obtained before and/or after each observing block. To perform a precise wavelength calibration of each target spectrum, 1 The data presented herein were obtained at the W. M. Keck Observatory on Mauna Kea, Hawaii, which is operated as a scientific partnership among the California Institute of Technology, the University of California and the National Aeronautics and Space Administration. The Observatory was made possible by the generous financial support of the W. M. Keck Foundation. 2 IRAF is distributed by the National Optical Astronomy Observatories, operated by the Association of Universities for Research in Astronomy, Inc., under contract with the National Science Foundation. 3 molly software developed by T. R. Marsh. we select the arc obtained closer in time, extracting an individual arc spectrum from the two-dimensional image at the corresponding position defined by the target aperture. The wavelength calibration is refined comparing sky emission lines (in particular O i-λ5577) with their corresponding rest wavelengths, from which we derive sub-pixel velocity drifts that are subsequently corrected. Finally, we correct the spectra for the relative velocity between the Earth and the solar system barycentre at each observational epoch.
The ESI echelle spectrograph provided us with 16 spectra (obtained during 3 consecutive nights in 2005) of higher spectral resolution and wider wavelength range (useful range 4000-10000Å, ∼ 45 − 60 km s −1 depending on the slit width). They are reduced in a similar way to the LRIS data, producing for each exposure 10 spectra corresponding to the different spectral orders of the echellette spectrograph. Each exposure is then blaze-corrected using the spectral flats continuum, and they are finally merged (after performing a weighted average in the overlapping regions) into a single spectrum covering the full wavelength range.
We flux-calibrate all the spectra using the standard star Feige 34 as reference, which was observed each night with the same setup as J1012. We also account for atmospheric extinction combining the airmass value during the observations with the tables provided for Mauna Kea by Bèland et al. (1988) . Nevertheless, we note that the final flux calibration must be taken with caution, due to effects such as slit losses or the presence of clouds during some particular nights. We also produce a normalised version of the spectra dividing them by a low-order polynomial fit of the continuum. We note that the normalisation of the ESI spectra produced better results when performed on each spectral order independently before merging them into a single spectrum, so we decided to employ these for further analysis.
RESULTS
The spectra are dominated by the broad absorption lines of the hydrogen Balmer series produced at the WD companion atmosphere. No other features (apart from telluric lines) are found, in neither the low-resolution nor the high-resolution spectra.
Radial velocity of the WD companion
To trace the WD movement along the orbit, we measure the radial velocity shifts of the Balmer absorption lines in the normalised spectra at different orbital phases. For this purpose, we apply cross-correlation techniques to compare J1012 spectra with synthetic WD templates (obtained from Koester 2008) . We compare each observed spectrum with a template of effective temperature T eff = 8500 K and surface gravity log g = 6.5 (as reported by van Kerkwijk et al. 1996; Callanan et al. 1998) . We also mask out all the features unrelated with the WD companion, such as telluric lines and reduction artifacts. We note that the masks are different for the two instruments, as they cover distinct wavelength regimes: while the lower resolution LRIS spectra allow us to inspect the Balmer series from Hβ to H12, ESI spectra allow us to access Hα to Hδ transitions. We then use the crosscor- Table 1 . Observation log: it includes the barycentric Julian date (BJD) at mid exposure time for each observation, the telescope/instrument employed, the instrumental setup (including the selected grism for LRIS, and the slit width in all cases), the spectral resolution (R, measured through a Gaussian fit to the sky lines), the exposure time (T EXP ) and the radial velocity of the WD measured in each spectrum using the cross-correlation technique described in Sec. 3.1.
BJD (d)
Tel rRV PyAstronomy 4 routine to shift the template spectrum along a range of velocities (−1000 to 1000 km s −1 in steps of 10 km s −1 ), performing the cross-correlation with the object spectrum for each velocity shift. This generates, for each observed spectrum, a cross-correlation function that peaks at the actual WD radial velocity. We determine such peak via a parabolic fit to the maximum, which produce purely statistical uncertainties, overestimating our precision in determining the radial velocities. In order to obtain more realistic uncertainties on the derived radial velocities, we perform a Monte Carlo analysis. For each object spectrum we simulate 1000 spectra, using the observed spectrum as a seed and assuming that the measured flux and wavelength values follow Gaussian distributions with standard deviations determined by the flux uncertainty and the root-mean-square of the wavelength calibration, respectively. The application of the cross-correlation technique previously described to the simulated spectra allow us to obtain a distribution of radial velocities for each observed spectrum. We finally determine the radial velocity associated with each spectrum from the mean and standard deviation of its corresponding distribution.
As each observation was scheduled to cover a different orbital phase, we can construct the radial velocity curve for the WD (see Fig. 1 ). We fit the measured radial velocities with an orbit with all parameters except the systemic velocity and velocity amplitude fixed to the most accurate elements available: the orbital eccentricity (e = 0 to our precision), the orbital period (P orb = 0.60467271355 ± 0.00000000003 d) and time of the ascending node (Tasc = 2450700.58162891 ± 0.00000004 d, Lazaridis et al. 2009 ), which corresponds to the null orbital phase in our reference frame. The resulting fit of our complete dataset (Fig. 1 , left panel) yields a WD radial velocity of K2 = 217.5±2.5 km s −1 and a systemic velocity (not including a small correction for gravitational redshift of the white dwarf; see Sec. 4.1) of γ = −20.8 ± 1.8 km s −1 (χ 2 red = 1.57 for 37 d.o.f.). To asses the reliability of the derived parameters, we first note that the lower resolution LRIS spectra were not observed with a parallactic slit angle, and therefore, the derived velocities might be potentially affected by systemic effects such as atmospheric dispersion. In order to retrieve a fit with χ 2 red = 1, the required systemic uncertainty to be added in quadrature to the original uncertainties of the LRIS velocities is 11 km s −1 . This produces K2 = 218.9 ± 2.2 km s
and γ = −21.3 ± 1.6 km s −1 (Fig. 1 , right panel), perfectly consistent with our previous fit. We also check the effect of leaving Tasc as a free parameter of the fit, and found similarly consistent results, as well as retrieved a Tasc matching that obtained from radio observations. We note that using different WD templates for the cross-correlation (with T eff and log g values reasonably close to the selected one) also produce similar results.
We finally look for systematic effects in our results by analysing independently the datasets obtained with each instrument. On one hand, the higher resolution ESI data reveals K2 = 221.1 ± 2.5 km s −1 and γ = −21.3 ± 1.7 km s
On the other hand, the lower resolution LRIS data yields K2 = 211.1 ± 3.9 km s −1 and γ = −17.5 ± 3.2 km s −1 (χ 2 red = 1.50 for 21 d.o.f.). Both results are consistent within ∼ 1σ and ∼ 1.5σ, respectively, with those of the combined fit.
As a result of the good agreement of all the previous fits, we employ hereafter the results obtained from the fit to the combined dataset with the LRIS uncertainties adjusted (Fig. 1, right panel) . The combination of the derived K2 with the orbital period P orb and the pulsar projected semimajor axis (x = 0.5818172 ± 0.0000002) ls), both derived from radio timing (Lazaridis et al. 2009 ), allow us to infer the mass ratio of the system:
Spectral classification of the WD companion
In order to perform the spectral classification of the WD, we average sets of normalised spectra obtained with the same configuration (same instrument, grism and slit width).
Before combining these spectra, we correct each individual spectrum from its corresponding Doppler shift (as derived in Sec. 3.1), setting them all in the WD companion reference frame. This yields averaged, null radial velocity spectra for LRIS and ESI instruments. We compare each averaged, normalised spectrum with the same WD templates that we employed for the radial velocity determination, covering a range of effective temperatures of T eff = 7250 − 8750K and surface gravities of log g = 5.75 − 7.75. The templates were also broadened to match the spectral resolution introduced by the instrument, via a convolution with a Gaussian function of full-width-athalf-maximum (FWHM) equal to that measured in the sky lines for each set (200 km s −1 for LRIS and 45 km s −1 for ESI, see Tab. 1). To compare the observed data with each template, we apply a mask to only consider the WD features, that is, the Balmer lines. The LRIS spectrum covers transitions from H β to H12 (see Fig. 2 ), while the ESI spectrum only covers Hα to H δ with sufficient signal-to-noise (SNR, see Fig. 3 ). We analyse the averaged spectrum obtained with each instrument independently, but applying the same technique.
To identify the template that best fits the data, we initially compute the reduced χ 2 (χ
resulting from the comparison between the averaged spectrum and each of the templates. This allows us to create a χ 2 red map in the T eff -log g parameter space, whose minimum corresponds to the best fitting template. In order to obtain the uncertainty of the best fit parameters, we normalised the map by its minimum value (which is equivalent to consider that the flux uncertainties have been underestimated). We then define the 1σ uncertainty as that corresponding to the 68.27 percentile.
The resulting best fit parameters for the LRIS spectrum are T eff = 8540 ± 60 K and log g = 6.65 ± 0.15. Using the ESI spectrum instead, we obtain T eff = 8260 ± 80 K and log g = 6.1 ± 0.4. We find that both results are consistent within ∼ 2σ.
To better understand the uncertainties, we decided to recalculate the spectral classification by using a python script based on the routine emcee (Foreman-Mackey et al. 2013) , an implementation of a Markov Chain Monte Carlo (MCMC) sampler. While the goodness of the fit is still fundamentally defined by the resulting χ 2 from the comparison of the observed and template spectra, an MCMC approach should produce more reliable error bars on the derived parameters, as well as will allow for more control on the fit through the definition of priors. The grid of synthetic spectra was linearly interpolated to generate templates corresponding to any combination of T eff and log g within the inspected range (T eff = 6500 − 8750 K, log g = 5.75 − 7.75), while spectral broadening was implemented through a convolution with a Gaussian kernel. We assume uniform priors on all these parameters, constraining T eff and log g to the limits of the grid, and the instrumental broadening to be reasonably similar to the expected value. The method also includes a scale of the measurement uncertainties, equivalent to a prior that χ the interpolation of χ 2 values over the grid. On another vein, analysis of the ESI spectrum does not produce conclusive results, as the posterior distribution of the log g is found to be bimodal. This results in T eff = 8154 +50 −31 K and log g = 6.10 +0.34 −0.11 , values consistent with our previous analysis of this spectrum, but only marginally consistent with those from LRIS analysis.
On this topic, we note that the SNR of the ESI spectrum is lower than that of LRIS spectrum (due to the lower number of spectra combined), as well as that it covers a narrower range of features involving only the lower-order Balmer lines. Higher-order Balmer lines are more sensitive to the surface gravity parameter (see e.g., Tremblay & Bergeron 2009), which might explain the better results obtained from the LRIS spectrum in spite of its lower resolution. Furthermore, normalization of the echellette spectra was more difficult, which may have affected the shapes of the very wide lines and thus the best fit. We propose that this prevented us from obtaining a reliable spectral classification of the higher resolution spectrum, and lead us to hereafter employ the parameters derived from the LRIS spectrum (T eff = 8475 +26 −21 K and log g = 6.58
It is important to also discuss possible systematic uncertainties in our inferred parameters, and in particular the determination of log g. The so-called "high log g problem" has been noticed by several authors before (e.g., Bergeron et al. 1990 ) when analysing cold WDs (T eff 10000 K). The spectroscopic models were found to overestimate log g when compared with the results from independent techniques (e.g., studying eclipsing systems, see Gianninas et al. 2014 and Kaplan et al. 2014) . On this topic, it is worth mentioning the work of Tremblay et al. (2015) . They performed a spectral classification of WDs using 3D atmosphere models, and compared their results with those obtained using 1D atmosphere models. They found coherent results between both sets of models except for the regime of T eff = 8000−10000 K, where the 1D models overestimate the value of log g. They attribute this difference to an insufficient description of convection by the mixing length theory (Böhm-Vitense 1958) in the 1D models, and they propose it as the origin of the "high log g problem". Using the correction functions presented in their work, our best estimates of the actual tem- −0.04 . We will use these values below.
Rotational velocity of the WD
The rotational velocity for a companion star in a tidally locked circular orbit (Wade & Horne 1988) , rewritten in terms of known parameters for our particular case, is given by: where R2 is the WD radius and i is the orbital inclination. As the orbital period is known from radio timing (Lazaridis et al. 2009 ), and assuming both the WD radius proposed in Sec. 4.2 (RWD = 0.047 +0.003 −0.002 R ) and the inclination constrains from Sec. 4.4 (i = 50±2 deg), the predicted rotational velocity (under assumption of the companion being tidally locked) is vrot sin i = 3.0 ± 0.2 km s −1 . If the WD companion of J1012 is in a tidally locked orbit, the effect of the rotational velocity in the spectra (which translates into a broadening of the spectral lines) is probably well under our detection threshold even for our highest spectral resolution dataset (45 km s −1 , ESI spectra). Young WDs are expected to spin faster than co-rotation due to angular momentum conservation during the phase after the end of mass transfer, during which the remaining red-giant envelope contracts to the proto-white dwarf. On the other hand, older WDs might have slowed down due to tides. To cover all scenarios, we try to measure the spectral broadening for J1012 following an analogous technique to that employed for the spectral classification in Sec. 3.2. For this particular purpose, the templates are broadened using the python routine rotbroad, which allow us to emulate the line broadening for a particular rotational velocity value (as defined in Gray 1992 , and using a linear law to account for stellar limb-darkening). We inspected rotational velocities between 0−100 km s −1 for our highest resolution ESI spectrum, and assumed typical limb-darkening coefficients for WDs (e.g., Gianninas et al. 2013) . The minimum χ 2 red is consistent with null rotational broadening, while the 68.27 percentile allow us to set an upper limit of vrot sin i < 60 km s −1 . Note that this limit is not as strict as one might hope in part because the line cores are slightly under-predicted even for zero rotational velocity.
DISCUSSION

The systemic velocity of J1012
The spectroscopic analysis of Sec. 3.1 allowed us to derive a systemic radial velocity of γ = −21.3 ± 1.6 km s −1 . Callanan et al. (1998) have previously reported a value of γ = 44 ± 8 km s −1 , based on an independent set of spectra (with spectral resolution ∼ 220 km s −1 and dispersion of ∼ 70 km s −1 ), which is inconsistent with our results. The value derived in our work have been obtained employing a spectroscopic database spread over two periods (separated ∼ 10 years apart), and making use of two different instruments (of spectral resolution ∼ 200 km s −1 and ∼ 45 km s −1 , respectively). The radial velocity analysis of the data obtained from both instruments showed consistent results both in the separate and joint fit (see Sec. 3.1). For this reason, we favour the result obtained from our combined analysis, as the effect of systematic errors should be smaller.
Lazaridis et al. (2009) measured a transverse velocity of the system (referred to the solar system barycentre) from the proper motion of vα = 10.2 ± 1.0 km s −1 and v δ = 101.5 ± 9.7 km s −1 . Combined with our derived systemic velocity, corrected for the small gravitational redshift of the white dwarf vGR = 2.2 ± 0.2 km s −1 (i.e., γ − vGR = −23.5 ± 1.6 km s −1 ), the space velocity of the system is vspace = 104.7 ± 9.5 km s −1 . This value is consistent with the results they obtained using the systemic velocity from Callanan et al. (1998) , as the main contribution to both the space velocity and the error budget comes from the transverse velocities. However, we note that the velocity vector direction is now different, which influences the derived evolutionary trajectory of J1012 calculated in Freire et al. (2011) . A recent work on J1012 (Ding et al. 2020, submitted to MN-RAS; D20 hereafter) reported an updated distance value derived from radio parallax measurements performed with the Very Long Baseline Array (VLBA) of d = 828 +56 −18 pc. Combined with the systemic velocity presented here, they show that the new predicted orbit for J1012 is perfectly consistent with those of the known MSP population.
WD radius
J1012 has been detected in a number of all-sky catalogues using a variety of photometric filters. The compilation of the available photometry in the optical range is shown in Tab. 2. We use this information to construct the observed spectral energy distribution (SED) for J1012 in the optical range (see Fig. 4 ). On the other side, the synthetic template spectra employed in Sec. 3.1 determine the emitted Eddington flux (i.e. the flux density, fν = 4πf Edd ) in the optical range (3500 − 9500Å) at the WD surface. By using the filter transmission curve associated with each observed photometric band (Tonry et al. 2012 , Abazajian et al. 2009 and Evans et al. 2018 for PS1, SDSS and Gaia catalogues, respectively), we can construct the theoretical SED of the system at the WD surface from the synthetic spectrum using the formula: is the transmission profile of the band m (arbitrarily normalised, given the normalisation factor in this formula), and f m ν is the total flux density integrated over the same photometric band m.
As J1012 is well above the Galactic plane, interstellar extinction is negligible (E(g − r) 0.01, Green et al. 2018) . Therefore, the calculated theoretical SED at the surface of the WD and the observed SED from Earth must follow:
where d is the distance to J1012 and RWD the WD radius. We find the best fit parameters (T eff ,log g, RWD, d) allowing us to match the observed and theoretical SEDs by using an MCMC sampler, following a method similar to that described at the end of Sec. 3.2 for the spectral classification. We assume uniform priors on the T eff and the log g to constrain them to the available grid, as well as on RWD, which is constrained to be positive. We also impose a skewed Gaussian prior to the distance parameter given by the up-to-date most precise value d = 828 The spectrum corresponding to the best fitting parameters is shown in Fig. 4 . The retrieved effective temperature is fully consistent with the value derived from the comparison of the absorption lines profiles (Sec. 3.2). Given that each method relies on a different feature of the spectrum (either the continuum shape or the absorption lines profiles of the normalised spectrum), this reinforces our confidence on the derived value. The surface gravity, on the other hand, is pushed towards the lower end of the grid, and it is Figure 4. Photometric SED in the optical range of J1012. Red circles, green squares and black triangles correspond to PS1, SDSS and Gaia DR2 photometry, respectively. A blue, solid line defines the best fit template flux-calibrated spectrum scaled to the distance measured for J1012. The blue extccrosses correspond to the theoretical SED calculated from the template in each of the bands.
spread over a large range of values. This is a consequence the small influence that the log g parameter has in the continuum emitted light when compared with that of the T eff . The ratio between RWD and the distance is well constrained in any case: it correlates fairly strongly with T eff , but hardly at all with log g. The final uncertainty in RWD is dominated by the uncertainty in the distance.
We now consider the conservative constraints on the NS mass of 1 − 3 M (see e.g., Lattimer 2012), which combined with the derived mass ratio in Sec. 3.1 implies a valid range of the WD mass of MWD = 0.09 − 0.29 M . Including this as a uniform prior to the log g in the previous analysis, the results are updated to: T eff = 8490 . The log g parameter is now better constrained, while both the effective temperature and the WD radius are perfectly consistent with the results previously determined. We also note that fixing the log g parameter to the corrected spectroscopic value (6.26 ± 0.04) in the photometric fit, we obtain consistent values of RWD = 0.046 ± 0.002 R and T eff = 8520 ± 90 K. We conclude that these results provide additional support to the effective temperature derived in Sec. 3.2, and allow us to employ hereafter the WD radius RWD = 0.047
WD mass
We have already established a range of viable masses for the WD companion (0.09 − 0.29 M ) from the direct combination of NS mass conservative constraints and the measured mass ratio. Nevertheless, in order to retrieve the NS mass we need to obtain an independent measure of the WD mass.
Observational constraints
We consider the corrected spectroscopic parameters of T eff = 8362 
Evolutionary models
A mass-radius relationship allows us to directly determine the mass of the WD from its measured radius. While such relationship is well defined for typical-mass WDs (e.g Wood 1995) , studying those in the ELM WDs regime usually requires extrapolation from the calculated models. Binary evolution must be considered to derive a more stringent constraint on MWD, as mass transfer is the underlying cause for both the low mass of the helium-core WD and the high NS spin frequency. The WD mass can be inferred by comparison of evolutionary models with the most precisely measured parameters for J1012: T eff = 8362 It has been shown that there is a tight correlation between the degenerate-core mass of a red giant star and its radius (Refsdal & Weigert 1971) . This relation depends primarily on the metallicity and to some extent on other stellar parameters, such as the mixing length α value adopted (Han 1998) or the initial stellar mass (e.g Joss et al. 1987) . As a result, helium-core white dwarfs which are formed through stable mass transfer satisfy the so-called mass-period relation (e.g Tauris & Savonije 1999; Lin et al. 2011; Jia & Li 2014; Istrate et al. 2014 Istrate et al. , 2016 . For white dwarfs smaller than 0.2 M (or orbital periods smaller than 2 d), as a result of late case A mass transfer, the mass-period relation shows some scatter. In this regime, the mass transfer is driven mostly by the loss of angular momentum, with magnetic braking being one of the most uncertain aspects of the evolution of these systems (e.g., Van et al. 2019 and references therein). It was already pointed out that the classical formulation of the magnetic braking (Rappaport et al. 1983) requires an extreme fine-tuning in the initial orbital period in order to explain the observed MSPs in very compact orbits (2−9 h, Istrate et al. 2014) . We employ the evolutionary models presented in Istrate et al. (2016) for different metallicities to derive the mass-period relations shown in Fig. 5 . They allow us to determine the mass of J1012 WD companion considering only its orbital period; for Z = 0.02, this would be 0.174 M , while a lower metallicity imply a more massive result.
On another vein, one can employ the same evolutionary models to fit instead the observed T eff and RWD. The socalled basic models required extrapolation to WD ages above that of the Universe in order to account for the observed parameters. Element diffusion in WDs (due to effects such as gravitational settling or chemical diffusion) affects significantly their cooling curve, and therefore the determination of their ages. Focusing on the family of models accounting for these effects, the derived age of the WD is better behaved (∼ 10 Gy), and produce a WD mass of 0.152 ± 0.019 M .
We note, however, that none of the inspected models were able to simultaneously account for the observed P orb as well. In an attempt to achieve a solution that satisfies all the measured conditions, we computed additional evolutionary models using the binary stellar evolution code mesa (Paxton et al. , 2013 (Paxton et al. , 2015 following the prescriptions defined in Istrate et al. (2014 Istrate et al. ( , 2016 , using various metallicities, initial donor star mass as well as different mass transfer efficiency. While we found models matching the observed T eff and RWD, none were able to reproduce simultaneously the observed P orb , always resulting in orbital periods well below the observed value. In Fig. 6 we show examples of the orbital evolution as well as the cooling evolution for two metallicities: Z=0.014 and a more extreme case of Z=0.0002. They allow us to to show the effect of this parameter in the evolutionary tracks, as well as to compare our results with previous works (which typically only consider solar metallicities). Considering only the cooling evolution of the WD, for Z=0.014 the mass required to explain the observed radius and effective temperature is ∼ 0.165 M . A similar result is obtained if we match instead the surface gravity (log g = 6.26 ± 0.04) and effective temperature determined spectroscopically ( ∼ 0.165 M ). However, this mass regime will result in a orbital period smaller than ∼ 0.3 days. The steep dependence of the mass with the orbital period is due to the underlying mass-period relationship, as shown in Fig.  5 . To explain the observed orbital period, for Z=0.014 one would need a WD mass of 0.176 M .
At this point, it is important to note that all the masses discussed so far correspond to that of a WD just after the end of the initial Roche-Lobe overflow mass transfer. If no further mass-loss episodes from the WD were to occur, this would indeed correspond to the current WD mass. However, as shown by different authors, a significant envelope of hydrogen is still present in the WD after the main mass transfer event. Indeed, the absence of He transitions in the optical spectrum advocates in favour of this scenario for J1012. Parameters such as metallicity and the physics implemented in the evolutionary model (e.g., the magnetic braking) affect the thickness of the hydrogen layer, as well as determine if the hydrogen shell will experience stable or unstable burning phases. For the models with Z=0.014 considered in this work, a number of hydrogen flashes occur after termination of the main Roche Lobe overflow event (see Fig. 6 ). These short-lived epochs of hydrogen shell burning trigger mass losses from the WD, inevitably diminishing its final mass. Including this final ingredient, the mass of the WD would be 0.160 M (if we consider T eff and RWD); or else 0.168 M (accounting only for the observed P orb instead). Using T eff and log g instead, the resulting mass would be 0.162 M . Again, no model was able to account simultaneously for all parameters (see Tab. 3).
In order to reconcile these results, we consider below two scenarios: a/ Some of the measured parameters that we employ to select the models are incorrect: We have already discussed about our confidence on the derived T eff , which seems quite robust as it has been independently derived through both the spectroscopic and photometric methods, and it is also consistent with previous works (Callanan et al. 1998; van Kerkwijk et al. 1996) . The orbital period measurement proceeds from radio timing, a widely tested technique that is able to provide extremely precise ephemerides. The final parameter to consider would be the radius of the WD, which proceeds from the photometric fit (Sec. 4.2). This technique depends on the synthetic models for the WD spectrum, the observed SED and the measured distance to the system. The observed photometry seems quite robust (as it proceeds from independent catalogs, using a handful of different bands). The synthetic WD models have been widely employed/tested within many works, though maybe not as much for WDs in the ELM-regime due to the smaller known sample. While it seems they overestimate the log g of the WD in the particular regime J1012 lies in (as previously discussed), the effective temperature (which dominates the effect on the SED shape) seems much more reliable. The last remaining piece of the puzzle to assess is the distance to the system. If we were to trust the evolutionary models fitting both P orb and T eff , that would require a WD radius (RWD = 0.038 ± 0.001 R ) that, when combined with the optical photometry, yields a distance to the system of 710 ± 21pc. The initially reported values from radio (Lazaridis et al. 2009 ) and optical parallaxes (Callanan et al. 1998) for the distance to J1012 were consistent within < 2σ with this value. However, the latest and more precise results from D20 are only marginally consistent (∼ 3σ), making this scenario less plausible. b/ The evolutionary models are not complete: The massperiod relations suggest a smaller radius (i.e. higher mass) than the value derived from the observations. Assuming that the measured parameters are correct, this would point to an issue within the binary evolutionary models, or else, within the WD cooling models themselves (i.e. the massradius relation). Serenelli et al. (2001) modelled the evolution of helium-core WDs, and retrieved for J1012-like T eff and log g a WD mass of 0.17 M . However, they did not take into account binary evolution, but instead obtained the white dwarfs by artificially removing mass from a 1.0 M . In a later work (Althaus et al. 2013) , they modelled the full binary evolution, for an initial mass of 1.0 M and Z=0.01. Their models provide a proto-WD mass (i.e., before hydrogen flashes occur) based on conservative values of T eff (8670 ± 300 K) and log g (6.34 ± 0.20) of 0.17 ± 0.01 M . Using instead our more stringent parameters (T eff and RWD), the favoured range of masses from their models is 0.165 − 0.170 M , which according to their tabulated values corresponds to a final orbital period of 0.35 − 0.43 d, below the measured value, and quite close to what is found from the models presented here.
A self-consistent evolutionary solution being able to explain the orbital evolution as well as the observed radius and effective temperature eludes us at this moment. As previously mentioned, in this regime there are several sources of uncertainties such as the initial donor mass, metallicity, mixing length parameter α, stellar winds, efficiency of mass transfer, the prescription of magnetic breaking, just to name a few. For example, we note that using element diffusion during the evolution of the donor prior to the formation of the pre-ELM also influences the orbital period at detachment. All these input parameters not only affect the orbital evolution but also the mass of the envelope at the beginning of the pre-ELM phase, and more importantly, the total amount of hydrogen available. This in turn influences the number of flashes as well as the threshold for flash occurrence reflecting into a different amount of hydrogen at the beginning of the cooling track and therefore a slightly different cooling evolution. A detailed analysis of all these uncertainties using J1012 as a benchmark will be addressed in a future work.
A comparison of J1012 with similar binaries harbouring ELM WDs shows that the uncertainty on the derived parameters from evolutionary models is not exclusive of this system. The MSP+WD system PSR J1911-5958 shows a slightly higher effective temperature (T eff = 10090 K) and a similar surface gravity (log g = 6.44 ± 0.05), as well as a slightly larger orbital period (P orb = 20.6 h) than J1012. The derived WD radius from the spectroscopic log g and massradius relations is not fully consistent with the results obtained considering the distance, T eff and emitted flux (Bassa et al. 2006) . The WD mass obtained from both methods (MWD = 0.18 ± 0.02 M and MWD = 0.175 ± 0.010 M ) is consistent thanks to the uncertainties involved. More recently, even the prototypical EL CVn, an eclipsing binary with a pre-He WD and a A-F type companion, has shown inconsistencies in the mass predicted by the evolutionary models with that calculated from an independent, dynamical analysis (Wang et al. 2020) 5 . We can also point out the case of PSR J0348+0432, a MSP+WD system where the detection of the Shapiro delay has enabled the precise determination of many parameters. It possesses a higher effective temperature (T eff = 10120 K) and similar mass (MWD = 0.172 ± 0.003 M ) to J1012, but its orbital period (P orb = 2.4 h) is significantly shorter (Antoniadis et al. 2013 ) and the measured WD radius is significantly larger (RWD = 0.065 R ).
It is also worth noting that ELM WDs lie in a region of the P orb − Mcomp parameter space shared by another type of pulsar binaries known as 'redbacks' (Roberts 2013) . The primary difference between these systems is that redbacks contain a semi-degenerate low-mass star having an optical spectrum reminiscent of that of a main sequence star. The reason why these two classes of compact binary pulsars over- lap in properties and yet harbour different types of companions is still unknown. However, a study of the likely evolution of the redback PSR J2129−0429 revealed that it lies right at the boundary of evolutionary tracks separating systems evolving towards the position of J1012, which match the extension of the mass-period relationship, and other redbacks in which the companion has a lower-mass (Bellm et al. 2016 ).
Hereafter, we will employ as a conservative result for J1012 WD mass of MWD = 0.165 ± 0.015 M , as it includes the different discussed scenarios, and it is fully consistent with the reported values from other works either employing different evolutionary models (e.g., Althaus et al. 2013) or using a extrapolated mass-radius relationship from more massive WDs (e.g., van Kerkwijk et al. 1996; Callanan et al. 1998 ).
NS mass and orbital inclination
The analysis presented in Sec. 3.1 yields a radial velocity semi-amplitude for the WD companion of J1012 of K2 = 218.9 ± 2.2 km s −1 . van Kerkwijk et al. (1996) reported K2 = 280 ± 15 km s −1 based on a sub-sample of the low-resolution spectra presented in this paper (plus a single spectrum obtained at null orbital phase with a much worse spectral resolution, ∼ 740 km s −1 and centred at the H β wavelength). In a later work, van Kerkwijk et al. (2005) noted that their results were affected by a reduction error, and reported an updated value of 199 ± 10 km s −1 , easier to reconcile with those shown here. An independent set of spectroscopic observations presented in Callanan et al. (1998) revealed K2 = 218 ± 10 km s −1 , fully consistent with our result.
The combination of the newly derived K2 with the pulsar radial velocity semi-amplitude (K1) allowed us to derive the mass ratio of the system with unprecedented precision (q = 10.44 ± 0.11), as well as produce mass functions for both components:
(1 + q −1 ) 2 = P orb K Combined with the known q, this imposes a lower limit to the NS mass which is not particularly constraining (MNS > 0.79 ± 0.02 M ) due to the unknown value of the orbital inclination (i). From the spectral classification of the WD, the photometric SED and the evolutionary models, we conclude in Sec. 4.3 that the WD mass can be safely constrained to be MWD = 0.165 ± 0.015 M . The addition of this final piece of information allow us to extract the remaining parameters of the system (see Fig. 7 ). While the inclination of the system results in i = 50 ± 2 deg, the NS mass is constrained to MNS = 1.72 ± 0.16 M , revealing a compact object likely larger than the canonical value for NSs (∼ 1.4 M , e.g., Kiziltan et al. 2013) . Indeed, this result is perfectly consistent with the findings presented in Smedley et al. (2014) , where they compared the currently known population of MSPs with helium-core WD companions and, by assuming a random distribution of orbital inclinations, they concluded that they harbour NSs with masses of typically ∼ 1.6 M . Employing instead the WD mass constrains derived from the evolutionary models, the resulting NS mass would be either ∼ 1.66 ± 0.02 M (using the measured RWD and T eff ) or ∼ 1.76 ± 0.02 M (using P orb instead).
Shapiro delay
As noted in Lange et al. (2001) , the range r of the Shapiro delay and the shape parameter s are defined in terms of the dynamical parameters of the system as: (2018) reported a non-detection of the Shapiro delay in this system, being the best-fit values of the orthometric Shapiro-delay parameters h3 = 0.02 ± 0.07 µs and h4 = 0.05 ± 0.10 µs. These are fully consistent with our results, which instead reveal the required precision to measure them.
CONCLUSIONS
We present new spectroscopic observations of the MSP and ELM WD binary PSR J1012+5307, exhibiting the characteristic broad Balmer lines from its WD companion. The cross-correlations of the individual spectra with the selected template spectrum yield a WD radial velocity semiamplitude of K2 = 218.9 ± 2.2 km s −1 , as well as a systemic velocity of γ = −21.3 ± 1.6 km s −1 . Combined with the radio ephemerides determined from the pulsar study, it results in a precise mass ratio of q = 10.44 ± 0.11. The spectral classification reveals a WD with T eff = 8362 −0.002 R . Inspection of evolutionary models for ELM WDs lead us to propose a conservative WD mass of MWD = 0.165 ± 0.015 M . This allow us to constrain the inclination of the system to i = 50 ± 2 deg and reveal a NS mass of MNS = 1.72 ± 0.16 M , a value slightly above the canonical one but fully consistent with the known population of MSPs. This work highlights the current limitations in our understanding of binary evolution and ELM WD physics. The uncertainty on the WD mass determination remains the main contribution to the error budget in determining the NS mass. In this regard, the detection of the Shapiro delay (and in particular of its h3 parameter), as well as an even more precise photometric and parallax measurements would allow us to place tighter constrains on the physical parameters of J1012. An improved characterisation of this system will enable to test future revisions of the evolutionary models for ELM WDs. 
